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1 Introduction 
Recently, there is an increasing amount of research interest in vibration energy harvesting 
systems converting the mechanical vibration energy into electrical energy. Such systems 
are versatile and can be used in a range of dynamic systems, including the vehicles where 
vibration is induced by powertrain (Zhang et al., 2010; Häfele and Küçükay, 2014), the 
suspension (Qatu, 2012; Qatu et al., 2009) and seating systems (Wang et al., 2018). One 
good example is the linear regenerative shock absorber proposed by Li and Zuo (2013), 
where it was suggested that only 10%–16% of the fuel chemical energy is utilised to 
drive the vehicle, meaning that 84%–90% of the fuel energy is wasted most in the form 
of waste energy such as combustion heat energy, rolling resistance, and vibrations. A 
linear energy harvester prototype was proposed in which a high magnetic conductive 
steel casing was added to obtain a stronger magnetic field. Similarly, Goldner et al. 
(2001) proposed another linear electromagnetic energy harvesting shock absorber that 
can respond to a rotating wheel on the bump resembling the road roughness. The concept 
of simulating the road roughness level was introduced where 1.92 kW to 17.42 kW of 
electric power can be generated from the regenerative shock absorber at the rotating 
speed of 20 m/s depending on the simulated road conditions. In order to incorporate more 
realistic road model, Singh and Satpute (2015) applied the road displacement data 
obtained experimentally into the simulation of the proposed linear regenerative shock 
absorber. This system was expected to harvest an average of 15 w from each wheel. 
However in these studies, the frequency response analysis of the two degrees of freedom 
(2DOF) mass-spring-dashpot electromagnetic harvesting system was not considered. 
In a rail car system, Ung et al. (2015) proposed an inertial-based electromagnetic 
generator with 2DOF coupled oscillating system that can be equipped on the train to 
harvest the vibrational energy. One of the two natural frequencies resulting from the mass 
change of the loaded and unloaded condition should be tuned to be close to the excitation 
frequency for better harvesting efficiency. However, in a typical 2DOF system such as a 
quarter vehicle suspension system, the inertial-based electromagnetic generator cannot be 
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used as the shock absorber where the damping force is required for the vibration control. 
The same problem exists for some regenerative shock absorbers equipped with the ball 
screw mechanism where the damping force is very small or absent when the clutch is 
disengaged (Nakano, 2004; Zhang et al., 2007; Kawamoto et al., 2007), resulting in the 
poor ride and handling performance. Due to the knowledge gap in this field, in the 2DOF 
oscillating system, the electro-mechanical coupling analysis needs to be conducted taking 
into account its damping requirement. 
According to Elvin and Elvin (2011), four factors that may affect the efficiency of am 
energy harvester include: 
a how well the resonator’s natural frequency matched with the dominant excitation 
frequency of the ambient environment 
b the degree of electromechanical coupling 
c the mechanical damping of the resonator 
d the electrical impedance of the attached circuit. 
As the part of the electromechanical system, many studies (Zhu et al., 2012b, 2013; Tang 
et al., 2014) have concluded that coil configurations also have direct effect on the power 
generation, based on Faraday’s law of induction U = Blv where B is the magnetic field 
strength, l is the coil length and v is the relative velocity between the magnets and coil. 
Therefore the Bl stands for the electromechanical coupling between the electrical portal 
and mechanical portal. The generator coil profile with more layers can yield higher 
voltage output as a result of cutting magnetic flux lines with more coils. For every 
different wire gauge, there is specific premium number of layers with which the 
maximum power extraction can be achieved (Elvin and Elvin, 2011). It was also found 
that for thinner winding coils, the maximum power output can be achieved with less coil 
layers. In reality, however, the main constraint of the coil design is the amount of the 
available space, therefore if assuming the constant total volume for the coil, the potential 
of using thinner coils was not fully understood. 
Efforts have been made to obtain a stronger electromechanical coupling for improved 
efficiency. Magnetic pattern of Halbach array was introduced by many authors (Zhang  
et al., 2016; Jang et al., 2004) for its high power density compared with other magnet 
patterns. Zhu et al. (2012a) investigate the vibrational energy harvesting performance 
using the Halbach array. It was found that with the same magnet volume, the 
electromagnetic field strength of the Halbach array was stronger than that of the magnets 
arranged in the conventional way. However, field strength becomes weaker with low 
vibration amplitude, so when the displacement of the magnets is at the comparable level 
with coil diameter, the Halbach array can improve the power output by 40%. The double 
layered Halbach array magnet arrangement was also simulated (Ung et al., 2015; Tang  
et al., 2014; Yan et al., 2013) and it was claimed that the magnetic flux gradient can be 
improved by 37% and power output can be improved by 88%. Another advantage of the 
Halbach array is that the magnetic flux line is concentrated on one side of the magnets, 
resulting in nearly zero magnetic field zone on the other side which can significantly 
reduce the undesired magnetic interference and thus reduce the overall size. 
Most of these studies focused on the performance study of the harvesters and did not 
consider the dynamic system related to the harvesters. It is important to include the 
dynamic mass spring dashpot oscillator system in the analysis since the electromagnetic 
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vibration energy harvester works as a part of the dynamic system and it should not be 
separately treated. In addition, the use of the magnet pattern with stronger magnetic field 
intensity has not been discussed much in terms of its energy harvesting efficiency. How 
the electro-mechanical coupling can affect the performance of the 2DOF linear 
electromagnetic vibration energy harvester still remains unknown. 
In this paper, a 2DOF vibration energy harvesting system with the magnet pattern of 
the Halbach array is presented. The 2DOF system that has two mass oscillators can 
represent a quarter vehicle regenerative suspension system, a plane regenerative landing 
gear system, etc. The model is characterised from analysis and simulation. Experiments 
were carried out on the system through a hydraulic shaker to validate the analysis and 
simulation models. The experimental results are compared with the analysis and 
simulation results. Sensitivity analysis of the coil profile, magnet arrangement pattern and 
electro-mechanical coupling is also investigated based on the validated model to optimise 
the performance of the 2DOF vibration energy harvesting system. 
2 Analysis models 
This 2DOF electromagnetic vibration energy harvesting system model is developed based 
on the 2DOF mass-spring-dashpot oscillator system shown in Figure 1, which can be 
used to simulate the regenerative quarter vehicle suspension for the performance analysis, 
parameter study and optimisation. m2 is the top oscillator mass; m1 is the bottom 
oscillator mass; k2 is the suspension spring stiffness; k1 is the tyre stiffness; c2 is the 
suspension damping coefficient; c1 is the tyre damping coefficient and G is the 
electromagnetic generator that converts the relative movement between the oscillators 
into electrical current, x2 is the displacement of the top oscillator and x1 is the 
displacement of the bottom oscillator. As a vehicle of this quarter suspension moves, the 
irregularities on the road will induce the excitation displacement y which in the 
simulation, is expressed as a displacement excitation signal source. 
Figure 1 A quarter vehicle suspension model with the regenerative shock absorber 
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Figure 2 Harvesting circuit of the regenerative shock absorber 
 
Shown in Figure 2 is the energy harvesting electric circuit of the linear electromagnetic 
generator where the coil inside the generator has the inductance of Le and the coil 
resistance of Re. R is the external resistance over which the voltage V can be extracted. 
The voltage over the inductor is calculated by: 
inductor e e
dI VV L L
dt R
= ⋅ = ⋅   (1) 
Therefore the generated voltage can be expressed as: 
( )generated e eV VV L R RR R= ⋅ + ⋅ +

 (2) 
Because this voltage is generated as a result of relative movement between the oscillator 
m1 and the oscillator m2, the generated voltage can also be expressed as: 
( )2 1generatedV Bl x x= ⋅ −   (3) 
Comparing equations (2) and (3) yields: 
( ) ( )2 1 e eL V VBl x x R RR R
⋅⋅ − = + +   (4) 
Rearranging equation (4) gives: 
2 1
e
e e e
Bl R Bl R R RV x x V
L L L
⋅ ⋅ +⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ − ⋅ − ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
    (5) 
The dynamic equations of the motion of the two oscillators are given by: 
( ) ( ) ( ) ( )
( ) ( )
1 1 1 1 1 1 2 1 2 2 1 2
2 2 2 2 1 2 2 1
0
0
Vm x c x y k x y c x x k x x Bl
R
Vm x c x x k x x Bl
R
⎧ + − + − + − + − + ⋅ =⎪⎪⎨⎪ + − + − − ⋅ =⎪⎩
    
  
 (6) 
Applying the Laplace transform to equations (5–6) gives the matrix equation: 
( ) ( )
( )
2
1 1 2 1 2 2 2
2
2 2 2 2 2
e
B lm s c c s+ k k c s k
R
B lc s k m s c s+ k
R
LB l s B l s s l
R
⋅⎡ ⎤⋅ + + ⋅ + − ⋅ −⎢ ⎥⎢ ⎥⋅⎢ ⎥− ⋅ − ⋅ + ⋅ −⎢ ⎥⎢ ⎥⎢ ⎥− ⋅ ⋅ ⋅ ⋅ − ⋅ −⎢ ⎥⎣ ⎦
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1 1 1
2
( )
( ) 0 ( )
0( )
X s c s k
X s Y s
V s
⋅ +⎧ ⎫ ⎧ ⎫⎪ ⎪⎪ ⎪ = ⋅⎨ ⎬⎨ ⎬ ⎪ ⎪⎪ ⎪ ⎩ ⎭⎩ ⎭
 (7) 
where X1(s), X2(s) and ( )V s  are the Laplace transforms of the time histories of the 
displacements x1(t), x2(t) and voltage V(t). 
The output voltage peak amplitude Vm and harvested power can be calculated in the 
frequency range of 0 to 30 Hz. With the base excitation displacement of 2 mm  
(Ym = 2 mm), the frequency response amplitude curves of the 2DOF electromagnetic 
vibration energy harvesting system can be calculated from equation (7) and plotted in 
Figure 9 where s is assumed to be equal to iω, and ω = 2πf is the radial frequency of the 
base excitation in rad/s and f is the frequency of the base excitation in Hz. The results of 
the analysis model are plotted in solid curves and presented in Figure 9 for comparison 
and validation. 
Figure 3 Simulation schematic for equations (5–6) for calculation of the output power using the 
integration method from the Matlab SIMULINK software 
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3 Validation of analysis model 
In order to validate the analysis model presented by equation (7) and verify the analysis 
results of harvested power presented by the solid curve as shown in Figure 9, a Matlab 
SIMULINK simulation code is developed in the time domain based on the integration 
method as shown in Figure 3 where the amplitude of the input displacement signal of a 
sine wave is set as 2 mm, which is the same as the base input displacement excitation 
amplitude of the analysis model. Three round sum blocks represents equation marks in 
equations (5–6). With a given input displacement excitation of a sine wave signal, the 
output voltage and harvested power can be calculated and plotted in the time domain to 
compare with the results obtained from the analysis model. 
4 Experiment design 
A 2DOF mass-spring damping oscillator system was fabricated to simulate a vehicle 
quarter suspension system where a regenerative shock absorber was used to convert the 
vibration energy to the electrical energy. It is shown in Figure 4 where the coil assembly 
is fixed on the top oscillator that represents the car body. The magnets are arranged in a 
Halbach array pattern and mounted in a ‘magnet holder’ on the top of the bottom 
oscillator that represents the wheel and tyre. The movements of both the oscillators are 
guided in the vertical direction by six bolts which prevent detachment. Similarly, the top 
and bottom springs represent the suspension spring and tyre respectively. The relative 
movement between the coil assembly and magnet assembly will be produced by the 
shaker as a result, such movement can induce the current based on Faraday’s law. 
Figure 4 Schematic view of the 2DOF electromagnetic vibration energy harvesting system  
(see online version for colours) 
 
The coil consists of nine sub-coils connected in series, the representation of its overall 
resistance is shown in the Figure 2. An external resistor is connected in series with all the 
sub-coils in the circuit for the voltage extraction. This voltage signal is then displayed by 
an oscilloscope where the change of the voltages can be easily monitored, recorded and 
compared. 
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5 Experiment setup 
In order to further validate the analysis and simulation models, a series of experiments 
were conducted on the 2DOF electromagnetic vibration energy harvesting system. The 
experimental set up is shown in Figure 5. 
Figure 5 Experimental setup of the 2DOF electromagnetic vibration energy harvesting system on 
the MTS landmark servo hydraulic test system (hydraulic shaker) (see online version 
for colours) 
 
6 Identification of the parameters 
In order to identify the system parameters of the 2DOF mass spring dashpot oscillator 
system, the hammer impact modal analysis test is conducted on a rigid platform shown in 
Figure 6. 
Figure 6 Experiment setup for hammer impact modal analysis tests (see online version  
for colours) 
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Figure 7 (a) Frequency response function amplitudes of the SDOF top mass spring oscillator 
system (b) The SDOF bottom mass spring oscillator system (c) The two degree of 
freedom mass spring oscillator system (see online version for colours) 
 
(a) 
 
(b) 
 
(c) 
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A hammer mounted with a force transducer is used to impact the top mass block, a  
uni-axial accelerometer was mounted on the top of the mass block to measure the vertical 
vibration response from the hammer impact excitation. The force and acceleration signals 
are recorded by the Bruel and Kjaer pulse front-end data acquisition system and analysis 
software where the frequency response functions between the force and the response 
acceleration are measured. 
Figures 7(a) shows the measured frequency response function amplitude curves of the 
separated single degree of freedom (SDOF) subsystem which uses the top mass as the 
oscillator mass. Figure 7(b) shows the measured frequency response function amplitude 
curves of the separated SDOF subsystem which uses the bottom mass as the oscillator 
mass. Figure 7(c) shows the measured frequency response function amplitude curves of 
the assembled 2DOF system including the top and bottom masses as the two oscillators. 
The natural frequencies of the isolated SDOF top and bottom mass subsystems are 
identified by the peak frequencies fpeak which are 14 Hz and 9 Hz respectively. The spring 
stiffness coefficient of the SDOF top or bottom mass oscillator subsystem is given by: 
( )22 peakk m π f= × ×  (8) 
where the top mass m2 is weighted to be 1.59 kg and the bottom mass m1 is weighted to 
be 3.99 kg. The stiffness coefficients of the top and bottom spring sets can be calculated 
from equation (8) or measured. The measured results are k2 = 8,666 N/m and  
k1 = 9,188 N/m. If the measured stiffness coefficients are adopted for the linearisation 
model, from the eigen-analysis of equation (6), the calculated natural frequencies of the 
2DOF assembled oscillator system are 6.1 Hz and 14.6 Hz. 
The damping loss factor is given by: 
c
η
m k
= ×  (9) 
where η is the damping loss factor identified from Figures 7(a) or 7(b) using the half 
power bandwidth method. As a result, values for the damping coefficients c1, c2 and the 
stiffness coefficients k1, k2 can be determined. As a result, the values for the damping 
coefficients c1 and c2 are identified and calculated to be 12 Ns/m and 50 Ns/m. 
The coil inductance is calculated by: 
2
0 r
e
μ μ N AL
H
× × ×=  (10) 
where N is the winding number of the coil, N = 585; μ0 is the magnetic constant,  
μ0 = 4π × 10–7 · N · m–2 is the permeability of the coil with air core; μr is the permeability 
coefficient of the coil, for the iron core, μr = 1,450, for the air core, μr = 1; H is the coil 
width and given by: 
H d N= ⋅  (11) 
where d is the diameter of the wire of the coil. A is the cross sectional area of the coil and 
given by: 
2
4
π DA ×=  (12) 
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where D is the diameter of the coil. Bl value stands for the electro-mechanical coupling 
which is the product of the magnetic field intensity B and the total coil wire length l.  
A 1:1 scaled simulation model of the linear electromagnetic vibration energy harvester is 
shown in Figure 8, which was developed in the ANSYS Maxwell software for simulation 
parameter identification of the magnetic field intensity around the coil. A cylinder shell 
resembling the coil profile is developed and 1.5 cm away from the outside of the magnets 
holder. As a result, the average value for the magnetic density around the coil can be 
determined as 0.0254 T. 
Figure 8 Magnet holder and the magnetic field intensity contour of the magnets in the Halbach 
array around the coil using the ANSYS Maxwell software (see online version  
for colours) 
 
Therefore Bl is calculated by: 
Bl B l B π N D= × = × × ×  (13) 
The parameters of the 2DOF mass-spring-damping oscillator system model identified by 
the impact modal analysis tests, experimental measurement and ANSYS Maxwell 
software simulation are listed in Table 1. 
Table 1 Parameters identified for the 2DOF mass-spring-damping oscillator system 
m1 The bottom mass (kg) 3.99 
m2 The top mass (kg) 1.59 
k1 Stiffness of the bottom spring (N/m) 9,188 
k2 Linear stiffness coefficient of the top spring (N/m) 8,666 
k3 Nonlinear stiffness coefficient of the top spring (N/m) 8,666 
c1 The bottom damping coefficient (Ns/m) 12 
c2 The top damping coefficient (Ns/m) 50 
Re Coil resistance (Ω) 10 
H Coil width (m) 0.2925 
l Coil wire total length (m) 110.214 
Bl Product of magnetic field intensity and coil length (Tm) 2.8 
Le Coil inductance (H) 0.00415 
R External resistance (Ω) 10 
   
 
   
   
 
   
   
 
   
   12 R. Zhang et al.    
 
    
 
 
   
   
 
   
   
 
   
       
 
Table 1 Parameters identified for the 2DOF mass-spring-damping oscillator system 
(continued) 
f1 Identified first natural frequency of the two degree of freedom oscillator 
system from the impact test (Hz) 
6.55 
f2 Identified second natural frequency of the two degree of freedom 
oscillator system from the impact test (Hz) 
13.5 
ftop Identified the natural frequency of the isolated top oscillator system (Hz) 14 Hz 
fbottom Identified the natural frequency of the isolated bottom oscillator system 
(Hz) 
9 Hz 
ηbottom Identified the damping loss factor of the isolated bottom oscillator system 
from the impact test (Hz) 
6.3% 
ηtop Identified the damping loss factor of the isolated top oscillator system 
from the impact test 
42.5% 
A Excitation displacement amplitude range (mm) 0–5 
f Excitation frequency range (Hz) 0–20 
7 Results and discussions 
There are three experiments completed for measurement of the harvested power, they are: 
1 measurement of the harvested power values versus the excitation frequencies 
2 measurement of the harvested power versus the input excitation displacement 
amplitude at 7 Hz 
3 measurement of the harvested power versus the external resistance at 12 Hz. 
Table 2 The input excitation displacement amplitudes, frequencies and external resistances for 
the experiments 
 Amplitude Frequency External resistance 
Experiment 1 0.002 m 0–30 Hz 10 Ω 
Experiment 2 0.001–0.01 m 7 Hz 10 Ω 
Experiment 3 0.002 m 12 Hz 1–50 Ω 
In experiments 2 and 3, the frequencies of 7 Hz and 12 Hz were chosen as the input 
excitation frequencies because the oscillators vibrate vigorously at the natural resonant 
frequencies of 6.5 Hz and 13.5 Hz. For the purpose of harvesting the maximum amount 
of vibration energy without causing any mechanical damage or initiating the nonlinearity, 
7 Hz and 12 Hz were set as the input excitation frequencies. 
7.1 Measurement of the harvested power values versus the excitation 
frequencies 
Sine wave displacement excitation with the amplitude of 2 mm was set as the input of 
experiment, analysis and simulation models for comparison and validation purposes. 
For the simulation model, the harvested voltage and power can be calculated using 
the code in Figure 3. The harvested voltage time trace curves in the individual excitation 
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frequencies from 0 Hz to 30 Hz are plotted and displayed by the scope modules in the 
Matlab SIMULINK software where the peak or root mean square (RMS) values of the 
harvested voltage time trace curves are recorded. The harvested power results are 
calculated from the recorded peak or RMS values of the harvested voltage for the 
individual frequencies which are plotted and shown in Figure 9. 
It is seen from Figure 9 that the results of the Matlab SIMULINK simulation model 
based on equations (5–6) (yellow triangle marks) are very close to those of the frequency 
response analysis (solid line), which validates the previous frequency response analysis 
model of equation (7). 
Figure 9 Comparison of the output power values versus the excitation frequencies obtained from 
the analysis model, simulation model and experiments (see online version for colours) 
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For the simulation model, the frequency response amplitude curve of the harvested power 
has two peaks at 6.2 Hz and 14 Hz respectively, representing the two natural resonant 
frequencies of the 2DOF electromagnetic vibration energy harvesting system. It can be 
seen that the harvested power at the first natural resonant frequency reaches  
0.025 W which is significantly larger than that at the second natural resonant frequency, 
as a result of the weight and stiffness distribution of the oscillators. 
From the experiment results, it can be seen that the two power peaks occur at the 
frequencies of 5 Hz and 11 Hz, which are slightly less than those of the predicted natural 
resonant frequencies. This could be caused by the added equivalent mass of the 2DOF 
electromagnetic vibration energy harvesting system mounted on the hydraulic shaker test 
platform or by the large excitation displacement amplitude which induced nonlinearity of 
the springs. The analysis and simulation results obtained from equation (7) and the 
Matlab SIMULINK code in Figure 3 are based on the assumption of the linear 2DOF 
electromagnetic vibration energy harvesting system. The actual spring stiffness increases 
with the displacement, as a result, the 2DOF electromagnetic vibration energy harvesting 
system acts a nonlinear softening system. The power curve peaks are shifted to lower 
frequencies. It is noted that the peak values of the experiment results are less than those 
of the analysis and simulation results, the reason could be that the six connecting bolts 
shown in Figure 5 were originally designed to guide the movement of the oscillators to 
maintain the motion stability. However, they may limit the movement of the oscillators 
due to the finite length of the bolts. In particular, at the first natural frequency, the 
oscillators vibrate with large displacement amplitude, the limitation could occur. 
Therefore, the actual displacements of the oscillators are limited by the finite length of 
   
 
   
   
 
   
   
 
   
   14 R. Zhang et al.    
 
    
 
 
   
   
 
   
   
 
   
       
 
the bolts and not as large as those predicted. In addition, the bolts develop the sliding 
frictions, resulting in less energy that can be harvested. 
Table 3 Comparison of the natural frequencies of the 2DOF electromagnetic vibration energy 
harvesting system obtained from different methods 
The theoretical frequency 
response analysis method 
Simulation from the Matlab 
SIMULINK software 
Impact modal 
analysis tests 
MTS dynamic 
hydraulic shaker tests 
6.2 Hz, 14 Hz 6.2 Hz, 14 Hz 6.55 Hz, 14 Hz 5 Hz, 11 Hz 
Table 3 compares the natural frequencies of the 2DOF mass spring oscillator system 
obtained from theoretical analysis, the Matlab SIMULINK simulation, impact modal 
analysis tests and dynamic shaker tests. It can be seen that the results of theoretical 
analysis, simulation and impact modal analysis tests are very close to one another, which 
has validated the theoretical frequency response and the Matlab SIMULINK simulation 
models. It should be pointed out that the natural resonant frequencies measured from the 
modal analysis impact tests are different from those measured from the MTS hydraulic 
shaker experiments. The reason is that the impact modal analysis test is carried out in a 
static condition of the 2DOF mass spring oscillator system where the system is assumed 
to be linear, whereas in the MTS hydraulic shaker experiments, the components of the 
system are bouncing vigorously due to the shaker excitation. The large oscillator 
displacement might have induced the nonlinearity of the 2DOF mass spring oscillator 
device. Overall speaking, the natural resonant frequencies measured from the hydraulic 
shaker tests are close to those obtained from the theoretical frequency response analysis, 
Matlab SIMULINK simulation and impact modal analysis tests with a minor difference 
controlled in a reasonable range. 
Figure 10 Harvested power versus the displacement excitation amplitude at 7 Hz (see online 
version for colours) 
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7.2 Measurement of the harvested power versus the input excitation 
displacement amplitude at 7 Hz – the amplitude sensitivity at 7 Hz 
In Figure 10, the theoretical frequency response analysis results from equation (7) and the 
simulation results developed from the Matlab SIMULINK code are identical and both of 
them show the increasing trend of the power as a result of increasing input displacement 
excitation amplitude. This trend has been verified by the experiment results shown in 
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Figure 10. In order to extract more energy, larger displacement excitation amplitude is 
preferred, meaning that the rough terrain will greatly improve the energy harvesting 
performance. 
7.3 Measurement of the harvested power versus the external resistance at  
12 Hz – the external resistance sensitivity at 12 Hz 
Many authors (Harne, 2012; Demetgul and Guney, 2017; Tang and Zuo, 2011; Yang  
et al., 2009) have stated in their studies that the impedance matching method can improve 
the efficiency of the system, meaning that by matching the external resistance of the 
harvesting circuit with the internal resistance, the power output can be enhanced and 
maximised. 
In Figure 11, the experimental and simulation results present a similar trend. The 
difference of the experimental and simulation results could be caused by the nonlinearity 
of the two oscillators moving out of phase when their vibrating around the 2nd natural 
frequency. The possible direct contact between the oscillators will result in the undesired 
energy dissipation. The peak power value can be obtained when the external resistance is 
equal to the coil internal resistance of 10 Ω, as shown in Figure 11. 
Figure 11 Harvested power versus the external resistance at 12 Hz (see online version  
for colours) 
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8 Sensitivity analysis 
8.1 Coil profile 
The total number of coil windings was 585 in the current design of the device. As the 
magnets move up and down, the electricity can be generated as a result of the coil cutting 
though the magnetic flux based on the Faraday’s law. The generated voltage can be 
expressed as: 
( )2 1generatedV Bl x x= −   (14) 
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Equation (14) shows that as the total length of the coil wire increases, the generated 
voltage will increase as well. Therefore it can be concluded that increasing the winding 
number of the coil will improve the performance of the 2DOF electromagnetic vibration 
energy harvesting system. Figure 12 shows the frequency response amplitude curves of 
the harvested power with different winding number of the coil where the winding number 
of the coil is set to be a multiplier of 585. It is shown that with the 10×585 winding 
number of the coil, which is 5,850 turns, the harvested power at the first natural 
frequency will reach 0.3 W, which is more than ten times as large as that at the same 
frequency with just 585 winding number of the coil. In addition, the change of the coil 
winding number does not affect the frequency response amplitude curve shape of the 
harvested power because the electromagnetic force generated by the coils is equivalent to 
the damping force which does not change the natural resonant frequency. 
Figure 12 Power frequency response amplitude curves versus the winding number of the coil  
(see online version for colours) 
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8.2 Electro-mechanical coupling 
Based on the nature of the electromagnetic generator, the electromechanical coupling can 
be represented mathematically by Bl (Poulin et al., 2004). The coil length l depends on 
the coil profile which is discussed in the previous section and the magnetic field intensity 
B is dependent on the magnetic pattern. In order to better understand how the magnet 
pattern arrangement contributes to the harvested power, Halbach array, transversely and 
longitudinally arranged magnets are included in the simulation model in the ANSYS 
Maxwell software for comparison. 
Figure 13 shows that the magnetic field intensity contour and flux lines for three 
different magnet arrangement patterns. It is obvious that the flux lines for the magnet 
arrangement pattern of the Halbach array are more densely packed than those of the other 
two where the magnets are arranged in the patterns of the transverse and longitudinal 
arrays. The magnet pattern of the Halbach array also maintains the larger area of the 
strong magnetic field around the coil, meaning that the harvester with the magnets 
arranged in the pattern of the Halbach array will still work efficiently even when the coil 
is placed further away from the magnets. As shown in Figure 13, as the coil number or 
the coil length increases, it will not be possible for all coil turns to have the same field 
intensity, unless all the coil turns are kept in the range of high magnetic flux density. This 
can be achieved by radially overlapping the wired coil layers so that all the coil turns are 
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kept in the range of high magnetic intensity. Figure 14 shows that the curve of the 
magnetic field intensity versus the coil width, which is denoted by H in Figure 13. The 
larger magnetic field intensity can be expected by the pattern of the Halbach array 
especially in the middle section of the coil width while the other two arrangement 
patterns present the reduction of magnetic field intensity in the same area. 
Figure 13 2D magnetic field intensity contour of magnets arranged in the patterns of the Halbach 
array, longitudinal and transverse arrays (see online version for colours) 
 
Figure 14 Magnetic field intensity versus the coil width H (see online version for colours) 
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Figure 15 Harvested power versus the displacement excitation frequencies for the three magnet 
arrangement patterns (see online version for colours) 
0 5 10 15 20 25 300
0.005
0.01
0.015
0.02
0.025
0.03
Frequency (Hz)
P
ow
er
 (w
)
 
 
Halbach array
Longitudinal array
Transverse array
 
How the magnet arrangement pattern can contribute to energy harvesting is shown in 
Figure 15. Figure 15 shows that harvested power versus the excitation frequency for the 
three magnet arrangement patterns. It is seen that with the magnet pattern of the Halbach 
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array, the harvested power is significantly larger than those with the other patterns, 
especially when the harvester is excited around the natural frequencies. Such difference 
of the harvested power is expected to be larger if a gap is presented between the coil and 
magnets. This is because that the magnet pattern of the Halbach array enables the 
magnets to produce a strong magnetic field over a larger area and longer distance away 
from the coil. 
As the vibration between the magnets and coils increases in amplitude, the magnetic 
field intensity may change during the vibration, the magnetic flux density may change 
around the coils, increased magnetic flux density change rate may benefit the resulting 
behaviour of the energy harvesting system. 
Increasing the magnetic field intensity using some of magnetic patterns can improve 
its energy harvesting performance of the harvester. Taking into account the 2DOF system 
that the harvester is working within, however, higher Bl value does not necessarily 
promise higher power output. Assuming a constant coil length l, shown in Figure 16 is 
the output power plot over the frequency range of 0–30 Hz for different B values. 
Figure 16 Harvested power versus the excitation frequencies for different B values (see online 
version for colours) 
 
It shows that with B increasing from the original value 0.0254 T to 1.2954 T, at the first 
natural frequency the power output increases significantly and reaches 3 W at 0.7874 T. 
However further increasing the magnetic field intensity can result in the drop in the 
output power, the reason being that strong electro-mechanical coupling reduces the 
displacement between the oscillators, resulting in less harvested voltage thus lower power 
output. This should be taken into consideration if incorporating the harvester into any 
2DOF system such as a car suspension. 
In many car suspension systems, the damping behaviour should be maintained as the 
reduced vibration or comfort is one of the major attributes prioritised by the customers 
(Qatu, 2012; Qatu et al., 2009). In order to replace the viscous damper with the 
electromagnetic regenerative shock absorber while maintaining the comfort level of the 
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vehicle, the damping coefficient needs to be specified in a confined range. This 
electromagnetic damping coefficient can be expressed as: 
electromagnetic
e
F
C
v
=  (15) 
where Felectromagnetic is the electromagnetic damping force provided by the harvester and 
the v is the relative velocity between the oscillators. 
The Felectromagnetic can be obtained by Lorentz law: 
electromagnetic
e
Bl UF Bl I
R R
⋅= ⋅ = +  (16) 
where U is the generated voltage by the harvester which is given by: 
U Bl v= ⋅  (17) 
Substitute the equation (16) and equation (17) into equation (15), it gives: 
2( )
e
e
BlC
R R
= +  (18) 
The equation (18) indicates the relationship between the electromagnetic damping 
coefficient Ce and the electro-mechanical coupling Bl. The electromagnetic force is 
proportional to the input velocity with a factor of Ce, as a result, it has the similar 
behaviour as a conventional damper. Therefore it is possible to replace the conventional 
damper completely with a regenerative electromagnetic shock absorber while 
maintaining its damping performance. 
Figure 17 Contour map of power output versus the coil length and magnetic field intensity  
(see online version for colours) 
 
It is assumed that the proposed 2DOF electromagnetic harvester is a regenerative 
suspension system where the conventional damper between the oscillators m1 and m2 
needs to be replaced by regenerative electromagnetic damper which is required to have 
the same damping coefficient for the purpose of the comfort. For example if the required 
damping coefficient is 6,250 Ns/m, according to equation (18), Bl can be calculated as 
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250 Tm, then the curve of equation (18) can be plotted on the contour map of the 
harvested power versus the coil length and magnetic field intensity, as shown in the 
Figure 17. 
It shows that any combination of magnetic field intensity B and coil length l on the 
red line can satisfy the damping requirement of the vehicle, however the output power 
presents the difference. In order to maximise the energy harvesting ability without 
affecting its damping performance, only the part located in the light blue area will be 
utilised for its optimisation. The output power plot with respect to the Bl value is shown 
in Figure 18. The maximum power occurs at B = 0.8255 T and l = 300 m indicated by the 
red solid line and any other Bl combination will result in lower output power. The 
displacement of the oscillators remains the same for the selected Bl combination, 
therefore it can be said the system optimisation has been achieved. 
Figure 18 Power output versus the coil length and magnetic field intensity (see online version  
for colours) 
 
9 Conclusions 
In this paper, a 2DOF electromagnetic vibration energy harvesting system is proposed to 
simulate the power exploitation of any 2DOF oscillating system including the 
regenerative vehicle quarter suspension system. The proposed system consists of two 
masses, two groups of springs, and one electromagnetic vibration energy harvesting unit. 
The magnet arrangement pattern of the Halbach array was built into the unit. The 2DOF 
electromagnetic vibration energy harvesting system has been built and tested to identify 
the system parameters of the damping and stiffness coefficients of the two oscillators. 
The input parameters of the simulation have been determined through experiment and 
FEA calculation analysis. Theoretical frequency response analysis and Matlab 
SIMULINK simulation models of this 2DOF electromagnetic vibration energy harvesting 
system are then developed and validated by the results of each other and the experimental 
results. When subjected to the same range of the excitation frequencies, amplitude and 
external resistance, the results obtained from three different approaches are close to one 
another. Therefore the frequency response analysis and simulation models have been 
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validated to be able to represent this 2DOF electromagnetic vibration energy harvesting 
system. These models thus allow for the sensitivity analysis to be conducted for the 
system design optimisation. 
Currently 0.025 W can be harvested by the 2DOF electromagnetic vibration energy 
harvesting system with the winding number of 585 of the coil. More coil winding 
numbers can significantly improve the system energy harvesting performance based on 
equation (14). It can be concluded that increasing the coil winding number will increase 
the harvested power in the design of the 2DOF electromagnetic vibration energy 
harvesting system. 
It has also been shown that the different magnet arrangement patterns affect the 
amount of the harvested power. The magnet arrangement pattern of the Halbach array 
provides a much larger area of high magnetic flux density around the coil than the other 
patterns, which helps to improve the energy harvesting performance. However with the 
same coil profile, the magnetic field intensity B has a premium value after which the 
harvested power will decrease. Therefore it should be noted that in a 2DOF energy 
harvesting system, having the stronger magnet filed may not necessarily result in higher 
power output. 
Considering the regenerative shock absorber inside a quarter vehicle suspension 
model which is a 2DOF oscillating system, for a certain type of vehicle, the regenerative 
shock absorber needs to have the same damping coefficient as that of the conventional 
shock absorber. It has been found that a range of the combinations of the magnetic field 
intensity B and coil length l can be applied to obtain the desired damping coefficient, and 
optimised power extraction only occurs when the regenerative shock absorber harvests 
more energy while maintaining the targeted damping response of the conventional shock 
absorber. 
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pattern and electro-mechanical coupling for the two degree of freedom system. The 
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